
Math 4550

[Homework 4

Solutions
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-> [O· is circled
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Ker(q) = 503

im(q) = 32

⑪ Given m,neI We have

q(m + n) = 3(m+n) = 3m + 3n = g(m) + q()



⑪
isone-to-one :

Suppose e(ml = q(u) for some mine .

Then 3m = 3n .

So
,

m = R

iset unto :

22 but there is no
net

with p(n)
= 2 since that

would require
3m = 2

or m = E which is not in I.

3

-



② Recall that IR* = R-503

is a group
under multiplication.

~ IR*
= in(a)

#

#Ker(q) = E1)

im(q) = I
*

The identity of I
*

is I
.

So
,

mer(q) = Ex19(x) = 13

= Ex(x = 13
= 51]



⑪
o is a homomorphism

:

X
, YERR

*
we have that

q(xy) = (xy)i = xy= g(x)y(y)

isone-to-one :

Suppose g(x) = q(y) for some X
,
ye*

Then , X
*

= y 3. using properties

So, (x
* (13 = (y3) 3 of cube rout

Thus ,
X = Y,

R*

Set X = Y

in,e*
-



⑮
⑭ ~

IR
*

- 4

(bi
- 2

GL(2, IR)

! O

- IW--I

--2

--3

-- Y

⑮ Given A
,
BEGL(2,

M) we have

(AB) = det (AB) = det (A) det (B) = (A) q(B)
& ↑

pert



⑭

-is* set A = (i) .
thus

SinceXRWe know(2)
1

IR
*

And q(A) = det (A) = X .

Y
Thus,

e
is onto R* . -x

-nettree
3) 2) =

det (182) = 1

so
,
3(vi) = (2) but (vi) (ii)

to-une .

Thus y
is not one-



# Recall that I is the identity of IR*.

mercel = (A) AEGL(2, /R) where (Al = 13

= [A)AEGL(2, IR) where det(A) = 1)

= SL(z,
R)

From (a) we saw
that I is onto.

#

M
in(q) = IR*



⑪ cahomomorphism
⑭g(4) = 3(1+ | + 1 + 1) = q(i) + g(y) + y() + y()

= s + S + S + s=

-S is given

from
theorea

⑯ Since g(ll = 5 3 3(x)
= (3(x))

+

We know (ll = -3
.

F
q(- 3) = g(( 1) + (- 1) + ( - 1)

= g(- 11 + y(- 11 + 9(1)

p =
- s - 5 - 5 =

ehimuKomumorp



⑮ G
,

G2

⑪ Let C
, dEGz .

a Y

Since o is onto there

withy(al = c ①exists a ,
b EG ,

and g (bl = d.

Then
,

(d = q(a(q(b) = g(ab) = y(ba) =
3(b(y(a) = dc

↑

o is anorphism morphism
G

,
is abelian&so ab = ba

Thus
,

cd = dc .

So
,

G is abelian

-

⑮
E is abelian

Do is not abelian

By part (a) they cannot be isomorphic.

-



⑮
Since G

,
is cyclic there exists

get ,
with G= <97.

Let's show that G2 = <(e).

G ,
G2

Let yeGz :

Since his unto there

exists XEG ,

with

q(x) = y .

R
.

SinceG e e
for some

REI-

Then,

y = 3(x) = g(gh) =
(y(y)]k

norphism
Thus,

gly) generates G2 -

iscyclic

Z2X22 is not cyclic

Thus by (c) they are not isomorphic

-



⑳ S
homomorphism

# We have q(e ,
) = ple,

e , ) = 9(e , 19(2)

So, plat"ple) = ple , /"glal gle

Thus
, ez = e, g(e)

So
,

e2 = %(e) #

-

⑭ We have that/
chumomorphism

3(x)3(x) = q(xx) = p(e ,
) = e

Ea
Thus , ((x)]"= y(x) #

-G
,

Gz

⑫ Ker(q) = ExG,
/3(x) = 2)

D
(i) By Cal we know(e) = en

So
,

2
,
Eker() .

(i) Given X,
yeKer(9) we have

G
,

Gz

q(xy) = g(x)g(y) =222
= e

↑

dorphism er()GSo xyeker(a) .

(i) Let zeker(g) .

Then
,
y(z) = 22.



So
, [G(z)]" = ei

Thus
,

g(z") = es "
Thus

,
z"Eker(e) .

we
(i) We know ez

= ple .
).

So ,
exe in(a) .

Gz

(i) Let Y .,
Intimal G

,

X.,
XzEG ,

with
Then there exist

FP(x, ) = y ,
and p(x2) = yz 8

Thus ,
im(9)

y(x,
xa) = y(x,

(g(x2) = y , Yz

Since
XIXzEG this shows

that y ,
zEim(4) .

(ii) Let zeim() -

Then there exists

at G
,

with plat = z
.



Thus
,

q(a"5(3()"= z

·⑭(b)
Since EG ,

we

know zEim(q)

By (i)-(ii) we have that

im (9) = G2 - #

-
El one-to-one .

(*( Suppose o is

By part (a) We know ple,
) = e

and thus e
,
Ekerla) .

So ,
52 , Eker(e) .

Xeker(e) .

Let

Then 3(x) = ez

Since g(x) = en = p(e ,
) and a is

One-to-one
this gives X = e

,

Thus Ker(a)ESe , 3.



Therefore Ker(q) = Se , 3.

(*) Suppose Ker(q) = Se , 4 .

Let x
,

Y EG
,

with p(x) = plyl .

Then G(x)p(y) = p(y)g(y

so , 3 (x y
- ) = p(y5

Thus
,

p(xy") = y(e ,
)

So
, q(xy+) = e -

Thus ,
xy"Ker(e) .

So
,

xy" = e ,

Then X = Y

-e
is one-to-one.

#
&

is ontr ift im(y) = G2

Mis
is the definition

of onto. .

#



⑦
Suppose GEG2 and HiEHa .

Then ,

there exist isomorphisms 9. : 6
,
- Gu

and 92 : H
,
- H2.

Define 9 :
G

,
XH, -> GexHa by

q(a,
b) = (g,

(a) , 92(b)) .

Let's show thata is an isomorphism

which will give
G

,

XH ,
EG2XHz .

y is a
homomorphism : in-

Let (a,
b)

,(d)
Then

,
3((a,

b) (cd)) = q(ac ,
ba)

= (p ,
(ac) ,

42(bd))

= (a ,
(a)9,

() ,
921b192(d))

=

= (9
,

(a), 4,
(b))(4,

(
,
3(a)&im

1

tirn
(

= q(a,
b)g(c ,

d)
.

- paraCin G
,
xHa

Thus
, o is a homomorphism.



#onto: Let (y .,
42) -G2X Hz .

Since y, G and 4:
G, G2 is on to

there exists X,
G

,
with 4,

(x, 1 = 31 .

Since y -He and qu : H
,
-Ha is onto

Z

there exists XEH ,
with q(xul = In -

Then (x
.,

x2)EG,
XH ,

and

4 (x,,
Xu) = (4,

(x ,
) , 4

a

(x2)) = (3 ,,
42)

.

Thus
,

a is unto.

istone-to-one
:

Suppose (9 , b) = p(, d) where

(a,
b)

,
(,

d) = G
,

XH ,.

Then ,
(G(a) , 42(b1) = (4 ,

(c) ,
Pu(d)

Co
,

9
,
(a) = 9 ,

(c) and 92(b) = G.
(d) .

Since,

is one-to-one
we get a = c.

Since In is one-to-one
we get bed .

Thus,
(a ,

b) = (c ,
d) .

Loca
is mentor one. #


